The five-parameter generalized beta distribution and ten of its special cases are considered as models fore the size distribution of income. The models are fit to income data for 23 countries and various years-a total of 82 data sets. Of the models considered, the Weibull, Dagum and generalized beta of the second kind are best fitting of the models with two, three and four parameters for 62 percent, 84 percent, and 96 percent of the data sets, respectively. Increasing inequality with respect to pre-tax income is observed in most of the countries considered.
I. Introduction
Vilfredo Pareto first proposed a model of income distribution in the form of a probability density function (pdf) in 1895. Pareto's analysis of income inequality, based on his model and economic data he gathered, stirred up the debate on the effect of economic growth on income inequality. In today's terms, are the rich getting richer and the poor getting poorer, or is the rising economic tide lifting all the boats? Corrado Gini disagreed with Pareto's opinion that economic growth leads to less inequality. To better study the phenomena, he proposed a unitfree measure of income inequality known as the Gini coefficient that is still commonly used today (Gini, 1912) .
Later empirical studies showed that Pareto's distribution accurately modeled high levels of income, but did a poor job describing the low end of the distribution. As research continued, new distributions were proposed that better fit the observed data. Gibrat (1931) wrote a famous paper in which he suggested the two-parameter lognormal distribution, further examined by Aitchinson and Brown (1969) . Ammon (1895) proposed the gamma distribution, which was more recently reintroduced and fit to US income data by Salem and Mount (1974) . Bartels and van Metelel (1975) suggested another two-parameter pdf, the Weibull.
Even better fits could be obtained using three-parameter distributions. These include the generalized gamma (Amoroso, 1924-25 and Taille, 1981) and beta (Thurow, 1970) as well as two closely related models which are members of the Burr family of distributions: the SinghMaddala (1976) , known in statistics literature as the Burr 12, and the Dagum (1977) , known as the Burr 3. These distributions allowed for intersecting Lorenz curves, a phenomenon observed in the data that could not be modeled by any of the two-parameter distributions considered. McDonald (1984) introduced the generalized beta of the first and second kinds (GB1 and GB2), two four-parameter distributions that were not only very successful in fitting the data, but also included all of the previously mentioned distributions as special or limiting cases.
McDonald and Mantrala (1996) found that the GB2 distribution provided a significantly better fit than its nested distributions when fit to income data from the United States. The empirical success of the GB2 was complemented by Parker's (1999) theoretical model of income generation, showing earnings to follow a GB2 distribution.
This paper compares many of the probability density functions that have been considered successful in describing the size distribution of income. While others have shown the goodnessof-fit of their distributional models using US income data, one may imagine that income in other countries is distributed very differently, particularly in countries formerly Communist or in earlier stages of economic development. By comparing a diverse set of countries, it is easier to draw conclusions about the quality of these models in describing the distribution of income generally and not just the characteristics observed in the United States. Section II of this paper discusses the methodology and functional forms used in this study, the data sets being considered are described in section III, the results are presented in section IV, and section V contains the authors' conclusions.
II. Methodology

A. The Generalized Beta Distribution Family
McDonald and Xu (1995) showed that all of the distributions previously mentioned could be represented as special or limiting cases of a very flexible, five-parameter distribution they termed the generalized beta (GB), whose probability distribution function can be written: A convenient way to visualize these relationships is the distribution tree in figure 1.
These relationships can be seen in greater detail in McDonald and Xu (1995) . 
B. Distributional Estimation
Since the income data utilized in this study are grouped into twenty equal probability intervals, the distributional parameters are estimated using maximum likelihood techniques by maximizing the multinomial likelihood function There are no closed form solutions for the value of θ that maximizes the likelihood function so iterative techniques must be used. In this paper, the likelihood function is maximized using a simplex method from the Matlab optimization toolkit, finding the minimum to the negative log likelihood function with a convergence criterion of 10 -8 .
C. Goodness-of-Fit
In order to evaluate relative performance of the eleven distributions, we evaluate the sum of squared errors (SSE), sum of absolute errors (SAE), and chi-square(χ 
D. The Gini Coefficient: a Measure of Inequality
The Gini coefficient is widely used as a measure of income inequality. It has many desirable properties that make it convenient to compare inequality across countries and time. For example, the Gini coefficient is not affected by changes in the unit of measurement (currency), allowing researchers to avoid issues of inflation and purchasing power.
Conveniently, the Gini coefficient can be expressed mathematically in terms of the distributional parameters. These expressions can be found in McDonald (1984) for all the distributions considered except the generalized beta and the Dagum. Dagum (1977) demonstrated that the Gini coefficient for the Dagum distribution could be represented as Using these expressions, Gini coefficients were calculated for each distribution in every data set considered, showing the effects of assuming different distributional models.
III. Description of the Income Data
Household income data was obtained from the Luxembourg Income Study (LIS) database for 23 countries, including both developed and developing economies. European countries are perhaps over-represented within the LIS database because of its quality and availability. LIS data is grouped into 5-year waves, which, for a few countries, went back as far as the 1970's. In total, there were 82 data sets. Table 1 summarizes the countries and years that were examined. Income Study  historical  wave I  wave II  wave III  wave IV  Australia  1981  1985  1989  1994  Belgium  1985  1988  1992,1997  Canada  1971,1975  1981  1987  1991  1994,1997  Czech Rep.  1992  1996  Denmark  1987  1992  1995,1997  Finland  1987  1991  1995  France  1979  1984  1989  1994  Germany  1973,1978  1981  1984  1989  1994  Hungary  1991  Ireland  1987  Israel  1979  1986  1992  1997  Italy  1986  1995  Mexico  1984  1989,1992  1994,1996  Netherlands  1983,1987  1991  1994  Norway  1979  1986  1991  1995  Poland  1986  1992  1995  Taiwan  1981  1986  1991  1995  Russia  1992  1995  Slovakia  1992  Spain  1980  1990  Sweden  1967,1975  1981  1987  1992  1995  Switzerland  1982  1992  United States  1969,1974  1979  1986  1991  1994   Table 1 An advantage of using the LIS is that the data from each country is formatted as uniformly as possible, particularly concerning the definition of income, so that comparisons across countries and time are more plausible. For the purposes of this paper, we examine household data, defining income as gross wages and salaries, farm income, and any selfemployment income. This definition of income seems appropriate since many of the distributions are based on models of pre-tax income generation. It is important to note that this is pre-tax household income, not including government transfer payments. Using different definitions of income can cause dramatic changes in the observed distribution of income.
Income Data Obtained From the Luxembourg
Particularly, accounting for government redistribution will significantly alter the distribution of income in many of the countries considered.
In all cases income was measured in nominal local currency units. Because of government regulations and privacy laws, income data with individual observations are usually not available. In this analysis, the data was obtained in a grouped format with twenty equal probability intervals, corresponding to 5 th through 95 th percentiles.
IV. Results
Each distribution was fit to the 82 data sets, and goodness-of-fit criteria were calculated for each distribution, including the log-likelihood (Log-L) value as well as the SSE, SAE, and χ The Weibull and Dagum are clearly the best fitting two and three parameter models, respectively. This holds true for either a SAE, SSE, χ 2 , or log-likelihood criteria. This also demonstrates the advantages of the three-parameter Dagum distribution over the two-parameter lognormal, gamma, and Weibull distributions. In this particular case, the four-parameter GB2 provides very marginal improvement relative to the Dagum. A comparison of the SSE, SAE, and χ 2 values show they are very similar for the Dagum and GB2 distributions. Examining their plots in figure 2 confirms they are nearly observationally equivalent. The same could said of the GB relative to the GB2. Table 2 Figure 2
The nested relationship of the distributions guarantees the generalized distributions will fit the data at least as well as their special cases. However, this does not suggest their superiority 
where θ ML and θ R represent parameter estimates of the general and the restricted models, respectively. In cases in which the parameters are not on the boundary of the parameter spaces, the LR is asymptotically distributed as a χ 2 with degrees of freedom equal to the number of parameter restrictions imposed. This test cannot be used to compare non-nested models. Using this test at a one percent significance level to compare the fits obtained for the 1997 US data, the differences between the GB and GB2 and between the GB2 and Dagum are not significant. In this case, it is unclear if the improvements gained in adding parameters are of practical significance.
Detailed results for the other countries and time periods are found in the appendix. Table   3 summarizes these results by reporting the best fitting two-parameter, three-parameter, and fourparameter models for each of the 82 cases along with the corresponding log-likelihood values.
Asterisks are placed next to log-likelihood values of the GB1,GB2 and GB distributions if adding the additional fourth or fifth parameter provided a statistically significant improvement, using the likelihood ratio test at the one percent level as outlined above.
Among the two-parameter models, the Weibull provides the best fit in sixty two percent of the cases. In almost every case, the four measures of goodness-of-fit (log-likelihood, SSE, SAE, and 2 χ ) agree in the relative ranking of the models considered. In the few cases where they do not agree, the difference is negligible. In Australia 1989, for example, the GB has a loglikelihood value just barely better than that of the GB2 (by a difference of 0.15) but has a SAE value slightly worse than that of the GB2 (by a difference of 0.007).
In nearly all of the cases considered, the generalized beta family of distributions has the flexibility to provide a good fit to the data. This can be seen by a visual inspection of the histogram overlaid with the fitted pdf, an inspection of the SSE, SAE, or χ 2 values, or a comparison of the sample mean with the expected value of the fitted pdf. In a few cases, no model provided a good fit. This is most obvious in the Scandinavian countries of Finland, Norway, and Sweden where the data shows a large clump of people earning very low incomes, giving the observed distribution a spike at the lowest income levels, which causes the sample mean to be significantly lower than the fitted (unimodal) models predict.
The choice of functional model strongly affects the predicted level of inequality as measured by the Gini coefficient. Generally, the Gini coefficients estimated by the lognormal are the highest, the Weibull and generalized gamma are the lowest, and the Dagum and GB2 find themselves somewhere in between. The disagreement results from inferior fits, particularly in the tails. It is also interesting that in almost every country, the Gini coefficients increase monotonically over time. It is important to note that these show inequality in income earned before transfer payments. Countries with progressive tax structures and large social programs and transfer payments may not observe such inequality after income redistribution-but looking at pre-tax earnings there is a general tendency towards greater inequality.
V. Conclusions
This paper compares the ability of eleven probability distribution functions to fit income data for twenty three countries over time; in total, eighty two data sets were analyzed. Given the estimated distributional parameters, Gini coefficients were calculated for each country.
Examining these Gini coefficients over multiple time periods reveals a general trend of increasing inequality for almost all the countries considered. Concerning functional form, the Weibull distribution is the best fitting two-parameter distribution in 62 percent of the data sets, the Dagum is the best fitting three-parameter distribution in 84 percent of the time, and the GB2 provides a statistically significant (at the one percent level) improvement over all the threeparameter distributions in 44 percent of the cases considered. 
